(v, k, λ) Configurations and self-dual codes  by Bhargava, V.K. & Stein, J.M.
INFORMATION AND CONTROL 28, 352--355 (1975) 
"(v, k, ,~) Configurations and Self-Dual Codes" 
V. K. BHARGAVA 
Centre for Information Processing, Department of Electrical Communication Engineering, 
Indian Institute of Science, Bangalore-560012, India 
AND 
J. M .  STEIN 
Computing Devices of Canada, P.O. Box 8508, Ottawa, Canada KIG 3M9 
The incidence matrix of a (v, k, ~) configuration is used to construct a (2v, v) 
and a (2v + 2, v + 1) self-dual code. I f  the incidence matrix is a circulant, the 
codes obtained are quasi-cyclic and extended quasi-cyclic, respectively. 
The  weight distributions of some codes of this type are obtained. 
I. STATEMENT OF PROBLEM 
We consider a (2m, m) binary self-dual code with a generator matrix of the 
form G = [I, A], where I is the m dimensional identity matrix and A is an 
orthogonal matrix, i.e., AA r = I (mod 2). 
The purpose of this paper is to use a (v, k,  A) configuration to construct 
the orthogonal matrix A and then analyze the self-dual code obtained. 
A (v, k, A) configuration is an arrangement of v elements x 1 , x~ ,..., xv into v 
sets S 1 , S 2 ,..., Sv such that every set contains exactly k elements, and every 
pair of sets has exactly ~ elements in common. A (v, k, ?t) configuration can be 
characterized by its incidence matrix A = (aij) defined by ai~. = 1 if xj ~ Si 
and aij = 0 if xj ~ S i .  Obviously A is a (0, 1) matrix of order v, and it can be 
seen that A satisfies the incidence equation 
AA r = (k - -  A)I  + h J ,  
where I is the identity matrix of order v and J is the matrix of order v with 
every element 1. Now to construct our orthogonal matrix A we have the 
following theorem: 
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THEOREM 2.1. 
(a) I f  k is odd and A is even, then 
AA r = I, 
(b) I f  k is even and A is odd, then 
AA r = I + J, 
i.e., A is an orthogonal complement. 
SELF-DUAL CODES 
Let A be the incidence matrix of a (v, k, A) configuration. 
(mod 2) 
(mod 2) 
353 
We omit the proof which is a direct consequence of the incidence quation. 
Thus we can construct a (2v, v) self-dual code using the matrix A of 
Theorem 2.1(a). If A is the matrix of Theorem 2.1(b) then it is easy to verify 
that the matrix 
where j = (1 1 "" 1) is a row of v ones is an orthogonal matrix of order 
v + 1. Thus we can again use A to construct a(2v @ 2, v - /  1) self-dual code. 
I I .  THE CODES OBTAINED 
I f  the incidence matrix d is a circulant, then some of the theory developed 
by Maurice Karlin (1969) can be used to simplify the calculation of the 
minimum distance. In this situation the (2v, v) code is called a quasi-cyclic 
code and the (2v + 2, v @ 1) code is referred to as being an extended 
quasi-cyclic. We shall also use the polynomial representation (in octal form) 
of the leading row of the circulant matrix A. For instance the octal number 5 
has the binary form 1 0 1 corresponding to the polynomial 1 + x ~ and 
represents the circulant 
1 . 
1 
We shall list the weight distribution of the codes obtained where possible 
and point out their connection, if any, to other linear codes. Here £/~ will 
denote the number of code words of weight i. Only the first half of each 
weight distribution is given, since it is symmetrical. 
643/~8/4-7 
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(1) v ~ 11 (a) Taking the quadratic residues mod 11, we have a 
(11, 5, 2) configuration, a(x) = 2704 corresponds to the incidence matrix A. 
The (22, 11) d = 6 self-dual quasi-cyclic ode is the shortened Golay code. 
See, e.g., V. Pless and N. J. A. Sloane (1975). 
(b) a(x) ~- 5072 corresponds to the incidence matrix of the complementary 
(11, 6, 3) configuration. The (24, 12), d = 8 self-dual code is the extended 
Golay code. 
(2) v = 13 (a) Taking the biquadratic nonresidues mod 13, we have 
a (13, 9,6) configuration, a(x)= 13734 corresponds to the incidence 
matrix A. The (26, 13) self-dual quasi-cyclic ode has the following weight 
i 
0 
distribution 
6 
8 
10 
A i 
1 
52= 22. 13 
390= 2 .3 .5 -13  
1313 = 101" 13 
12 2340- - - -22"32"5"13 
(b) a(x) ~ 6404 corresponds to the incidence matrix of the comple- 
mentary (13, 4, 1) configuration (based on zero and the biquadratic residues 
mod 13). The (28, 14) self-dual extended quasi-cyclic ode has the following 
weight distribution 
i A i 
0 1 
6 26 = 2 • 13 
8 442 = 2 -17"13  
10 1560 = 23 • 3 • 5 • 13 
12 3653 = 281 • 13 
14 5020= 2-193"13+2"1  
(3) v = 19 (a) Taking the quadratic residues mod 19 we have a 
(19, 9, 4) configuration, a(x) = 236503 corresponds to the incidence matrix A. 
The (38, 19) self-dual quasi-cyclic ode has the following weight distribution. 
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i A i 
0 1 
8 171 = 3 ~ 
10 1862 = 2 • 72 
12 10,374---- 6"7 -13  
14 36,765 = 3 z -5"43  
16 84,759 = 3- 1487 
18 128,212 = 2 ~ • 7 • 241 
19 
19 
19 
19 
19 
19 
(b) a(x) ~ 5412744 corresponds to the incidence matrix of the comple- 
mentary (t9, 10, 5) configuration. This (40, 20), d z 8 code has been 
described by Bhargava, Tavares, and Shiva (1974). 
(4) v = 35 (a) Here a(x)= 662573040704 corresponds to the 
incidence matrix of a (35, 17, 8) configuration derived from the (35, 17, 8) 
cyclic difference set based on the twin primes 5 and 7. The (70, 35) self-dual, 
quasi-cyclic code has minimum distance d = I0. It was not possible to 
determine the weight distribution of this code. 
(b) a(x) ~ 115204737072 corresponds to the incidence matrix of the 
complementary (35, 18, 9) configuration. This (72, 36), d = 12 code has 
been described by Bhargava, Tavares, and Shiva (1974). 
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